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Abstract —Maximum Likelihood (ML) estimation of the frequency offset between the transmitter and the receiver
from known transmitted preambles is the dominant technique for the estimation of Carrier Frequency Offset (CFO)
in OFDM systems. A general formulation of ML detection problem for OFDM systems is provided in this paper and it
is described how different ML techniques can be treated as special cases. In addition, major newly proposed ML
techniques are compared in a unified simulation framework in the presence of AWGN and their performance in
terms of estimation range and complexity is compared. Furthermore, we proposed two new preamble structures
which have comparable complexity to the simplest available methods while their estimation ranges are fairly large,

comparable to the largest achieved ranges.
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I. INTRODUCTION

Orthogonal Frequency Division Multiplexing
(OFDM) is the modulation used for many high speed
communication systems. OFDM has the main
advantages of being bandwidth efficient and robust
against multi-path fading, which make it suitable for
wireless systems in crowded environments. OFDM
has been wused in several standards including
IEEE802.11, Hiperlan2 [1], IEEE802.16 [2] and
DVB-T [3]. However, the main challenge in using
OFDM is that the system performance heavily
depends on the synchronization between the
transmitter and the receiver [4 - 6]. For example, the
system performance can substantially degrade due to

a small offset in the carrier frequency between the
transmitter and the receiver. The doppler effect caused
by the mobility of the transmitter or receiver can also
introduce a virtual offset.

The CFO reduces the system performance
since it degrades the orthogonality among the OFDM
sub-carriers. Substantial amount of work has been
done in order to overcome the CFO problem by
estimating and compensating the offset. Most of the
proposed methods are based on joint maximum
likelihood detection of the channel response and the
frequency offset from known preamble sequences [7 -
11]. Preambles are sequences of known data sent at
the beginning of a burst of data, especially designed to
ease the estimation procedure. Such methods estimate
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the frequency offset by computing the correlation
between several preamble symbols, thus eliminating
signal dependent phase information and maximizing
an ML cost function to find frequency offset. These
methods differ by the range of frequency offsets that
they can estimate, the amount of redundancy they in-
troduce in the preamble sequence, and their estimation
complexity.

The first major ML-based CFO estimation tech-
nique was proposed by Schmidl and Cox [8]. In
this method, two identical preamble sequences are
transmitted, and the CFO is estimated at the re-
ceiver by a simple correlation. However, the range
of estimation technique is limited by the OFDM
symbol rate since the correlation output is periodic
with respect to the frequency offset. A more sophisti-
cated technique was proposed by Morelli and Mengali
[10], in which a cascade of several shorter identical
preambles are transmitted and the frequency offset is
estimated by pair-wise correlation of all the preambles
and combining the results. The resulting estimator
is still periodic with respect to the frequency offset;
however, the period is larger than the former method,
leading to larger estimation range at the cost of larger
complexity. To eliminate the periodicity, Minn and
Tarasak [11] proposed another preamble structure in
which redundant symbols are inserted between the
preamble symbols of the former method, leading to
a less regular preamble structure. This irregularity
is desirable as it leads to a larger estimation range.
Nonetheless, both methods using multiple preamble
symbols require a sophisticated detection hardware
incorporating an FFT block with a reasonably large
block size.

In this paper, we formulate the ML CFO estimation
technique for an arbitrary preamble sequence and
propose two new preamble structures that eliminate
the periodicity in the estimation function and re-
quire a simple detection hardware. We further com-
pare the performance and complexity of previously
proposed techniques with the proposed techniques
through MATLAB simulations.

The rest of this paper is organized as follows. In
Section II, the signal model and the general Maximum
likelihood formulation are explained. In Section III,
we explain how different estimation techniques can
be described as special cases. In Section IV, the
new preamble structures are presented. In Section V,
we compare the performance of the three methods
explained in Section III with our proposed methods
in a unified simulation environment and Section VI
concludes the paper.

II. SIGNAL MODEL AND ML FORMULATION

In OFDM systems, a block of data is transmitted as
an OFDM symbol. A block diagram of such a system
is shown in Fig. 1. Assuming a symbol size equal to
N (where N is a power of 2), the transmitted block
of data at time ¢ ( > 0) is denoted by

si 2] 5(0) (1) L

siN-1) 1" (D

where []T shows transposition. Each block is passed
through the IDFT as

5; = Fls; @

where FH is the hermitian transposition of the the
unitary discrete Fourier transform (DFT) matrix, F,
of size N defined by

CNR WS N Y A
[F]zk_ N N I= 1 3)
ik=1{0,1,...,N -1}

A cyclic prefix of length P is added to each trans-

formed block of data and then transmitted through the

channel. An FIR model with L + 1 taps is assumed
for the channel, i.e.,

T

h=[ho hi ... hg] 4)

with L < P in order to completely avoid the ISI
At the receiver, the received samples corresponding
to the transmitted block §; are collected into a vector,
after discarding the received cyclic prefix samples.
The received block of data after being distorted by
the frequency offset can be written as:

Vi = ®i(2)HS; + v, )

where

ho h
0 hy

hr O

0

hy W& Ry h
| by -+ hp ho

(6)
is an NV X N circulant matrix and v; is additive white
noise at the receiver. The N x N matrix ®;(z) models
the effect of frequency offset defined as

1 0 .- 0

s i(N+p) 0 2 Ay (7)

Pi(z) =

0 ... 0 2Nt

where z is the phase rotation due to frequency offset
from one element in y, to the next given as:

, on AL
z=¢e% =5 ®)

where f, and Af are the sampling frequency and
the frequency offset, respectively. Which is assumed
constant.[12-15] The objective is to estimate Af, or
equivalently, z. It is known that H¢ can be diagonal-
ized by the DFT matrix as H® = FZ AF [16], where!

A = diag{)\} )

and the vector A is related to h via

A =+vNFH [ a ] (10)

O(v—(z41))x1

I'We would use the notation diag{.} in both directions, i.e., A =
diag{A} and X\ = diag{A}.

International Journal of Information & Communication Technology



http://ijict.itrc.ac.ir/article-1-267-en.html

5:(1)

Volume 2- Number 1- May 2010 UICT

¥i(1)

5:(2)

&(N — 1)3 pdl

5i(2) .
Frequency : ALY Af
Offset y,(N — 1)
®(z) i

Estimation

Add cyclic prefix

5(1)
5(P)

9a(l'\I F1) |
| 9N +P) |

Fig. 1. A block diagram of an OFDM system with frequency offset.

Substituting for H€ in (5),
¥i = ®i(2)FF As, + v, (11

Now assume that A received y,; vectors, ¢ =
{0,...,M — 1}, are collected at the receiver. The
maximum likelihood estimates of {), z} can be found
by solving[17]

{\, 2} = arg min( T (A, 2)] (12)

where
M-1
Jur(h2) =Y lI9i - ®2)FH A (13)
=0

where ||.|| denotes the Euclidean norm of the vector.
Let us denote diag{s;} with S;. Then, As; = S;\.
Grouping the terms in (13) into a vector results in

‘l’n(C]F”SE_.
: AP (14
P pr—1( 3'_}F”S..l“r =1

X

which is a least-squares problem whose solution is
given by A = (XHX)"1XHY, or,

5\(z) = <i Sfisz) (Z_ quF‘bf(z)}_’i>

(15)
where we used the fact that ®7(2)®;(z) and FHF
are identity matrices. Note that A is a function of
z and Jpsp needs to be minimized over z as well.
Substituting the least-squares solution, the resulting
minimum cost function is given by

Tarr (X 2) = | Y]2 — I XA (16)

Let us define the diagonal Hermitian matrix D as
M—
D= ) 8fs, amn

Calculating the term || XA||2 through A¥ X7 X\ and

substituting XX = D leads to?

[XA|? = (Z SEF®H (- )

=0

= (MZ_:I S{Fa; (z)m)

M-1M-1

H

2)FIS, D ISP RO (2)y,

(18)
Noting that the first term in (16) is independent of
2, the problem of minimizing (16) with respect to z
becomes

i=0 [=0

¢ = argmax(Iyr(2)] (19

where I (z) = | XA|J%, or

IML Z }_’:(I) C“(bH( ) it

M-1 M-1

Z Z yz Zl@l ( )

=0 [=0,I<4
(20)
where C;; = FZS,D'SHF. Since S;D'Sf is
a diagonal matrix, C;; is a circulant matrix whose first
row is defined as:

cf = VNFHdiag(S;D'S{) 21)
i Cil(O) Cil(l) Cil(2)

C;l (0) Ci (1)

Cil(Q) LG5 Cil(O) Cil(l)

L Ci[(l) C”(Q) 020 Cil (0)

The above equation then results in (22) (shown at
the top of the following page). Substituting (22) in

2 Assume that D is full-rank by design. If certain samples in the
training symbol need to be zero (e.g.to control the peak-to-average
power ratio), corresponding rows in (11) can be removed, which
makes D full rank again
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c;1(0)2°

®,(2)Cy @/ (z) = 2ONTP

(20) results in a summation of polynomials as

M-1 M-1

ZIM + 2Re Z Z 7,l

i=0 [=0,l<1

Ingr(z

(23)

where I;;(z) is determined by

N-1
L(i=D(N+P) ( Z cq(mod(m, N)) Ry (m)z™™
=N+l

(24)

where Ry(m), m = {-N +1,...,N — 1}, is the
cross correlation between y,; and y; defined as

min(N—1,N—14m)

Ry(m) = >

j=max(0,m)

All of today’s standardized OFDM-based systems
use training symbols from a QPSK constellation. In
such cases, the term [;;(z) is a constant and does
not depend on z. Therefore, it can be ignored and
the problem of frequency offset estimation reduces to
maximizing the following polynomial:

yii —m)yi(j) (25)

M-1 M-1

el Y > I (26)

i=0 1=0,l<1%

I, mr(z
In general, I;;(z) is a polynomial with 2N — 1 terms.

III. SPECIAL CASES

The problem formulation in the previous section is
sufficiently general to include any ML CFO estimation
method with QPSK preambles. In this section, we
describe how the three previously proposed methods
can be explained within this framework.

A. Schmidl and Cox’s estimatoin method

This method originally was the first major maxi-
mum likelihood estimation scheme developed [8] to
overcome the problem of carrier frequency offset. This
method suggests the use of two identical preambles
as shown in Fig. 2(a). This choice of preamble corre-
sponds to §; = §p in the formulation of Section II. In
this case, ¢, becomes

The cost function (26) then reduces to
Inr(2) =Re (2V ¢10(0) Ryo(0)) 27)

where according to (25), R10(0) is now given by

Rio(0 =¥1i¥o

The solution to maximizing (27) is given by
2N = ¢ ILYi%0 (28)
where it is related to the frequency offset through
SN _ pi2m(N) S (29)

The above equation results in a unique estimation for
Af only if |Af| < -l In other words, estimation
range is equal to the OFDM sub-carrier spacing.

@ [cp | S, | S, |

®[cp | L

@ler JL

[afee [ [ r]]

|L_]L]L_|L

“t > < s
(d)l cP l'-?w-"ﬂ--a- ----- [ — -4 CcP ]4 -------- 3@:-1 ------ >a-Su-

) K I

Fig. 2. Several preamble structures with fixed length, (a)The
preamble structure of Schmidl [8]. (b)The preamble structure of
Minn [11]. (c)The preamble structure of Morelli [10]. (d)The first
proposed preamble structure. [18] (¢)The second proposed preamble
structure.

B. Minn and Tarasak’s estimation method

Fig. 2(b) shows the optimum preamble structure
proposed in [11]. In this method, the preamble consists
of multiple identical symbols of length P, where P
is the length of cyclic prefix equal to L the length of
channel dispersion. The set of all preamble symbols
is divided to two (or more) subsets and a space of d
samples is inserted between the two subsets. The first
symbol of length P at the beginning of the preamble,
and the symbol immediately after the d redundant
samples serve as cyclic prefix and are discarded.

@f\/\;\m:[l 0 ... O]
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Without loss of generality, we can define the pa-
rameter d as

d= <k0 + ﬂ) P (30)
N2

where kg, n1, ns are nonnegative integers withn; = 0

if ny = 1,n € {1, ...,le—].} if no > 1, and P/ng is

an integer. Then it can be shown that the cost function

(26) reduces to

= np
Brnz ™2 (€1))]
0

I;\/IL( ) =Re

where (3, is the summation of all the correlation
terms I;; which have the same phase factor (6; — 6;) =
n(QW%P/ ngy).

B = > Iy (32)

{i,1}:0,—0;=n(2n 2L P/ny)

If kg = n1 = 0, then Ng = U —1, U is the number of
preamble symbols of length P (U = 7 in Fig. 2(b)). If
ny =0and kg > 0, then Ng =U —1+ko. Ilf ny >0,
then N = no(U +kg)+n4. Then the frequency offset
estimate is given by

Af ne_
el A .
fs PNjp 8

max
—Nysi/2<m< Ny

,(RelF, )
(33)
where Fi, . 3 gives the Nys; point FFT of 8 [11].
Equation (31) is similar to equation (27) except that
it contains several additional terms. The parameter d
can be set such that it maximizes the period of the
cost function (31), and increase the estimation range.
However, as shown in equation (33), obtaining the
frequency offset requires an FFT operation on the
vector . Choosing a small FFT size (Njf:) will
lead to quantization errors in the estimation while
increasing N, leads to more complexity. In addition,
the introduction of a gap of d samples in the preamble
sequence introduces redundancy, which can affect
the performance of the estimation technique in noisy
environments.

C. Morelli and Mengali’s estimation method

This method was introduced prior to the method de-
scribed in the previous section and can be considered
as a special case of Minn’s method, where d = 0.
The preamble structure is shown in Fig. 2(c). Due to
the absence of the redundant samples in the preamble,
only one cyclic prefix is required. The cost function,
therefore reduces to

U-1
Iyp(2) =Re (Z ﬂnz"P) (34
0

Compared to (27), this method can increase the
period of the cost function by a factor of N/P. How-
ever, it still requires an FFT operation to estimated the
frequency offset and its performance can be limited by
FFT block size.

Volume 2- Number 1- May 2010 IJICT

IV. THE PROPOSED PREAMBLE SEQUENCE AND
ESTIMATION TECHNIQUE

In this section we propose two new preamble
structures that eliminated the periodicity in the ML
cost function, and therefore, increase the estimation
range, but require simple estimation hardware. Fig.
2(d) shows the first proposed preamble sequence. The
preamble consists of two symbols where the second
symbol is a cyclically shifted (rotated) version of the
first one as shown in Fig. 2(d).

Let

s1 = vV Ndiag{[F¥]}so (35)

where [FH],, is the k;, row of the IDFT matrix FH
and F is the DFT matrix in (3), k = {1,...,N — 1}
(this is equivalent to S; being a cyclically shifted
version of Sy by k& samples). Fig. ?? shows a demon-
stration of transmitting the preamble.

Note that k& = 0 reduces to s; = sp. In this case,
the vector c1 in (21) becomes

cio=1[0 010 ... 0]

where the only non-zero term is located at the (k+1):x
position. The cost function (26) then reduces to

Iy (2) = To(2)

= Re (ZN+P (Rl()(—N + k‘)ZN_k + R(k)loz_k))

=Re (Rio(—N + k)22NHP—E L Ryo(k)2NHETR)

(36)

where we used the fact that ¢ig(k) = 1. Note that
only terms corresponding to m = k and m = N + k
remain and k can be chosen such that the cost function
is not periodic with respect to theta.

The cross correlation terms Rio(—N + k) and
Ryp(k) are defined by (25) as

(37

ViV —k+5)50(5) (38

The above expressions can be rewritten in vector
product format as

a1 é.Rl()(k))
¥1(0)

5’1(N—."~'-1)

2Rio(~N +k)

y.(N—k) 17

¥0(0)

?o(k.— 1)

Now the objective is to minimize Iy (2) with respect
to Af (or equivalently with respect to 6 in (8)).

yl(N— 1)
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First
transmitted
OFDM symbol
after IFFT (3g)

Second
transmitted
OFDM symbol
after IFFT (3;)

S(i(oj

Second
received
OFDM symbol
before FFT (¥;)

First
received
OFDM symbol
before FFT (¥o)

So(K)

W ks
Solk)

SN —1)
5a(0)

[N —1)
Soll0)

So(k — 1)
Solk)

Transmission
over the channel

¥1(0) ¥u(0)

Folk—1)
Yo(k)

N k=1
¥i(N — k)

?;i'NI — 1)
Y1 (N)

Yo(N — 1)
Y{r(_?‘”

So(k+P —1) P —1)

Fig. 3.

Differentiating I, (z) with respect to 6 and solving

for ‘”A{d—g(‘z) = 0 leads to

(2N + P — k)|az|sin [(2N + P — k)0 + Lag)+
(N4 P —k)|ay|sin[(N+P —k)0+ La;] =0
(41)
It can be easily shown that both the sin arguments
are close to zero (see Appendix), therefore applying
sina ~ « results in

2N + P —k)|ag|las+ (N + P —k)|a1|Zay
(2N + P —k)?las| + (N+ P — k)2|a1942)

g

and the estimate for frequency offset is given by

£50

2w

Af = 3)

Equations (42) and (43) indicate that a simple
detection hardware is necessary for detecting the CFO
while the periodicity present in cost functions (27) and
(34) is eliminated.

The above cost function for large frequency off-
sets leads to an ambiguity in the phase of the two
correlation terms a; and ay. In order to avoid this
ambiguity we define two new parameters m; and .
We can show the phase of the parameter a; generally
as mim + Za,. Where Za; is between —n and 7
and m; is an integer, the phase rotation coefficient.
In a similar way we can show the phase of a; as
mam + Las. Substituting these new phase definitions
in the cost function (42) the new cost function is:

(2N+P — k)|a2|(m27r + ZCLQ)
(2N 4+ P — k)?|as| + (N + P — k)2|ay |
(N + P = E)|a|(mim + Lay)
(2N + P — k)?|ay| +(N+P—Ic)2|a1]

f=-

44)

Here again we used the sina = « for both a; and
a-. Between all é(ml, my) values the one that maxi-
mizes the cost function (36) is the optimum estimate.
The terms my and my are unknowns. Considering
A frnar as the maximum desired frequency offset we

?l(N-F.P—l) ym{N"-.P—l)

A demonstration of two transmitted OFDM symbols corresponding to the structure in (35).

can define the following boundaries for m, and my:
2(N+ P —k)Afmae

s
2(N + P — k)A fimas

fs

_ang(ai1)
w

my

(45)
ang al)

my <
™

_ang(az) 202N + P — k)Afmas o

s

N - max
s < 2(2 +Pf kYA

The above boundaries are achieved by considering
my and my as independent variables. Taking a deeper
look at (39) and (40) shows that m; and ms are
not independent variables. They have the following
relation:

2

- <
4
anglaz) 40

™

0

las — La
mo = — m1+N;+;

47

Considering the above relation we can make the
boundaries even narrower than before. Considering
my and my —m; as independent variables the bound-
aries of m; are same as before but the the new
boundaries for m, are:

2A frnax
s

- ang(az) — ang (a1)

B ang(az) — ang (ay)

- N Smg

(48)

Using the m; and my terms we only examine a
few pairs of m; and my to find the correct estimate
of the carrier frequency offset, for example only 60
pairs must be compared for a frequency offset equal
to 2 sub-carrier spacing. In this method the boundaries
of my are dynamically assigned by the boundaries of
m1. As there are side lobes in the cost function, in
presence of noise it is possible to have a side lobe
with an amplitude larger than the main lobe which
leads to a false estimate. So examining the value of the
cost function only for the possible frequency offsets
can help to have a better estimation. Also as there
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are fewer pairs to examine for each estimation the
computational complexity is a lot fewer.

Although the proposed search algorithm looks at the
cost function only at the selected values determined
by Af(mi,mz) but having local maximums (side-
lobes) in the search area in presence of noise limits
the estimation range. To avoid this limitation we must
increase the distance between these side-lobes and
push them out of the search area. This can be done
by decreasing the distance between the correlating
terms in the cost function. To extend the estimation
range we proposed a second preamble structure which
is shown in Fig.2(e). This preamble consists of five
parts, one cyclic prefix block of length P and two
pairs of (30,3;). Here again 37 is a cyclic shifted
version of 5. Compared to the first proposed preamble
the length of the S and 3; is reduced to the half
and one cyclic prefix block is eliminated. In order to
remove the second cyclic prefix the last P samples
of the sub-symbols 3559 and Sp; shown in Fig.2(d)
should be identical (assuming k& < P). This constraint
ensures that during the estimation the correlating terms
experience same ISI effect.

To estimate the offset, the correlation terms (a;
and ag) can be calculated separately for each pair of
(S0,51), and then the corresponding terms summed
together to a; and as used in (44).

V. SIMULATION RESULTS

For the simulations in this section we consider an
OFDM system with 64 sub-carriers, a preamble length
of 128 (two blocks) and a channel with L = 16 taps
and cyclic prefix length P = L and SNR from 6dB to
20d B with AWGN. As mentioned before, both Minn’s
and Morelli’s methods require an FFT operation to
determine the frequency offset, and the size of FFT
affects the quantization error in the estimation. Our
simulation results indicate that in order to have con-
sistent results over the range of SNR, estimation FFT
block size (N¢y;) should at least be 1024. For Minn’s
method, we assume d = 8, and for our first and second
proposed methods, we assume k£ = 17 and k£ = 19
respectively. We also consider the cases of d = 0 and
k = 0 to evaluate Morelli’s and Schmidl’s methods.

Fig. 4 shows the average MSE for the five different
methods for different signal to noise ratios when the
frequency offset is equal to a sub-carrier bandwidth.
It can be observed that all algorithms have very close
mean-square error over a wide range of signal to noise
ratios.

Table T shows the estimation range for the five
methods obtained from simulation. It can be observed
that our second proposed method has the largest
estimation range. Minn’s method can obtain fairly
large estimation range at the cost of a large complex-
ity overhead (1024-FFT and multiple correlations).
Schmidl’s method which is the simplest of all (one
correlation calculation) leads to the range of only one
sub-carrier spacing. Our first proposed method while
having a complexity comparable to Schmidl’s method

Volume 2- Number 1- May 2010 JICT

TABLE I
ESTIMATION RANGE COMPARISON OF DIFFERENT METHODS

‘Estimation Range
(sub-carrier spacing)
| The Second Proposed Method 11.5
[ Minn 10
The First Proposed Method 5.8

Morelli 5

Schmidl I

“Estimation Method

TABLE II
COMPUTATIONAL COMPLEXITY COMPARISON OF DIFFERENT
METHODS

Estimation Method Computational Complexity

(Normalized)
Schmidl 1

The First Proposed Method 6.41
Independent 11 and my
The First Proposed Method 4.37
| Related m1 and ma
| The Second Proposed Method | 3.64
Independent my and mo
[ The Second Proposed Method 2.68
Related m and mo
Minn 48
Morelli 48

provides a reasonable estimation range, slightly larger
than Morelli’s method.

Table II* shows the computational complexity for
different preambles. It is obvious that Schmidl’s
method is the simplest method, so we normalized
the computational complexity of all methods to the
complexity of this method. Morreli and Minn use an
FFT operation to find the correct frequency offset.
But this FFT operation adds a high computational
complexity to the system. These two methods have
a computational complexity 48 times the Schmidl’s
method. The first proposed method using the first
search method (indipendent 1, and my) has a com-
putational complexity only 6.41 times the Schmidl’s
method. The first proposed method with the second
search method which assigns the boundaries of mo
dynamically has a computational complexity only 4.37
times the Schmidl’s method, while having an estima-
tion range 5.8 times the Schmidl’s method. The second
proposed preamble has the largest estimation range
which is 11.5 times Schmidl’s method. This preamble
using the first search method archives the complexity
3.64 times Schmidl’s method and using the dynamic
search method with a 30 percent decrease only has
a computational complexity 2.68 times Schmidl’s
method maintaining the 11.5 times Schmidl’s method
estimation range.

Fig. 5 shows the cost function of the five algorithms
in the case where the receiver carrier frequency is
equal to the transmitter carrier frequency (zero offset)
versus estimated frequency offset (Af). As can be
observed, all the algorithms have a peak at zero (which
corresponds to correct estimation). The period of the

3Here we assumed a 1024-point FFT requires 7172 multipli-
cations and 27652 summations, and we further counted every
multiplication as 4 additions[19].
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=@ First Preamble (K=17)
= M = Second Preamble (K=19) ||
== Schmidl's Preamble (K=0)

.| = &= Minn's Preamble (d=8) ||
<" Mormeli's Preamble (d=0)

SNR (dB)

Fig. 4. Average MSE comparison for different frequency offset
estimation schemes. k=17 represents the first proposed method,
k=19 represents the second proposed method, k=0 represents the
Schmidl’s method, d=8 represents the Minn’s method, d=0 repre-
sents the Morelli’s method, A f = 0.5x Subcarrier Spacing.

cost function determines the estimation range in high
SNR. Estimation range will be limited by minor peaks
at low SNR.
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Fig. 5. Cost function versus estimated offset normalized by sub-
carrier spacing for the case of zero offset between transmitter and
receiver (a) Schmidl’s Method (b) The First proposed method (c)
Morreli’s Method (d) Minn’s Method. (e¢) The Second proposed
method. (The curves for different frequency offsets are the same
except for the shift in the frequency domain.)

VI. CONCLUSION

A unified analysis framework was proposed for ML
estimation of carrier frequency offset. We described
how different available techniques can be considered
as special cases. We further showed through simula-
tions that a 2-symbol preamble structure where the
second symbol is a cyclically shifted version of the
first symbol can provide a very good compromise

between the extended estimation range and estima-
tion complexity compared to those of other available
methods. A second preamble is proposed which has
the largest estimation range compared to the reported
methods and also its computational complexity is
only 2.68 times the simplest method. Furthermore, we
proposed a dynamic search method to decrease the
computational complexity even more. The Dynamic
search method decreases the computational complex-
ity of the proposed methods by about 30 percent.
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APPENDIX

sin a = « Justification
Now we justify the approximation used in solving
(41) as follows. Let us consider the data model used
in section 11, s; = v/ Ndiag{[F]{}so. As introduced
before the transmitted blocks of data after IDFT
operation are denoted by §; and s;. Then,

§1 = FHS1
= VN (Fdiag{[F]F }F) 50
= Ix5g

49)

where Iy is the identity matrix circularly right-shifted
by k,

where we used the fact that vV NFHdiag{[F|7}F is
a circulant matrix whose first row is F[F] which
indeed is an all zero vector with a *1” at its (k + 1),
position. Therefore, §; is a circularly shifted version of
8o by k. The corresponding transmitted and received
blocks are shown in Fig. 3. Let us assume Af is a
positive offset. Then 6 in (8) is basically the phase
rotation from one received sample to the next (i.e.,
Yo(i) to §o(i + 1)) due to the frequency offset. Let
us consider the first product term in calculating a,
defined by (39), namely ¥{7(0)¥o(k). Since y§7(0) is
received after (N + P — k) samples from yg(k), it is
relatively phase rotated by (N + P —k)6. Therefore the
phase of the first product term in a; would be —(N +
P—k)6, if the additive noise would be discarded. Note
that the corresponding transmitted samples for these
two received samples are identical due to the structure
of the transmitted block. Similar argument holds for all
the other product terms in calculating a;. Therefore,
the phase of a; will be close to —(N + P —k)#, given
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that the noise contribution is discarded. In other words,
the argument [{N + P — k)0 + Za4| can be considered
close to zero. A similar argument holds for the other
term, i.e., [(2N + P — k)@ + Zay] can be considered
close to zero.
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